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1. INTRODUCTION

In recentyearsfeedbacksetproblemshave beenthesubjectof growing interest.They
havefoundapplicationsin many fields,includingdeadlockprevention[89], programveri-
fication[78], andBayesianinference[2]. Therefore,it is naturalthatin thepastfew years
therehave beenintensive efforts on exact andapproximationalgorithmsfor thesekinds
of problems.Exactalgorithmshave beenproposedfor solvingtheproblemsrestrictedto
specialclassesof graphsaswell asseveralapproximationalgorithmswith provablebounds
for thecasesthatarenot known to bepolynomiallysolvable. Themostgeneralfeedback
setproblemconsistsin findingaminimum-weight(or minimumcardinality)setof vertices
(arcs)thatmeetsall cyclesin a collectionC of cyclesin a graph

�
G� w� , wherew is a non-

negativefunctiondefinedonthesetof verticesV
�
G� (onthesetof edgesE

�
G � ). Thiskind

of problemis alsoknown asthehitting cycle problem,sinceonemusthit every cycle in
C. It generalizesa numberof problems,includingtheminimumfeedback vertex (arc) set
problemin bothdirectedandundirectedgraphs,thesubsetminimumfeedback vertex (arc)
setproblemandthegraphbipartizationproblem,in which onemustremove a minimum-
weightsetof verticessothattheremaininggraphis bipartite. In fact,if C is thesetof all
cyclesin G, thenthehitting cycleproblemis equivalentto theproblemof finding themin-
imum feedbackvertex (arc)setin a graph.If we aregivena setof specialverticesandC
is thesetof all cyclesof anundirectedgraphG thatcontainssomespecialvertex, thenwe
have thesubsetfeedback vertex (arc) setproblemand,finally, if C containsall oddcycles
of G, thenwe have thegraphbipartizationproblem. All theseproblemsarealsospecial
casesof vertex (arc)deletionproblems,whereoneseeksaminimum-weight(or minimum
cardinality)setof vertices(arcs)whosedeletiongivesa graphsatisfyinga givenproperty.
Therearedifferentversionsof feedback setproblems, dependingon whetherthegraphis
directedor undirectedand/orthevertices(arcs)areweightedor unweighted.Yannakakis
[90] hasgivenageneralNP-hardnessproof for almostall vertex andarcdeletionproblems
restrictedto planargraphs. Theseresultsapply to the planarbipartizationproblem,the
planar(directed,undirected,or subset)feedbackvertex setproblems,alreadyprovedto be
NP-hard[33, 46]. Furthermore,it is NP-completefor planargraphswith no indegreeor
outdegreeexceedingthree[46], generalgraphswith no indegreeor outdegreeexceeding
two [46], andedge-directedgraphs[46].
Thescopeof this articleis to give a completestate-of-artsurvey of exactandapproxima-
tion algorithmsandto analyzeanew practicalheuristicmethodcalledGRASPfor solving
bothfeedbackvertex andfeedbackarcsetproblems.

Date: May 12,1999.
AT&T LabsResearchTechnicalReport:99.7.1.

1



2 P. FESTA, P. M. PARDALOS, AND M. G. C. RESENDE

2. NOTATION AND GRAPH REPRESENTATION

Throughoutthispaper, weusethefollowing notationanddefinitions.
A graphG � � V� E � consistsof a finite setof verticesV

�
G � , anda setof arcsE

�
G���

V
�
G ��� V

�
G � .

An arc (or edge)e � � v1 � v2 � of a directedgraph(digraph)G � � V� E � is an incoming
arcto v2 andanoutgoingarcfrom v1 andit is incidentto bothv1 andv2. If G is undirected,
thene is saidto beonly incidentto v1 andv2.

For eachvertex i � V
�
G � , let in

�
i � andout

�
i � denotethesetof incomingandoutgoing

edgesof i, respectively. They aredefinedonly in caseof a digraphG. If G is undirected,
wewill takeinto accountonly thedegree∆G

�
i � of i asthenumberof edgesthatareincident

to i in G.
∆
�
G � denotesthemaximumdegreeamongall verticesof a graphG andit is calledthe

graphdegree.
A vertex v � G is calledanendpointif it hasdegreeone,alinkpoint if it hasdegreetwo,

while avertex having degreehigherthantwo is calleda branchpoint.
A pathP in G connectingvertex u to vertex v is a sequenceof arcse1 �
	
	�	�� er in E

�
G � ,

suchthat ei � � vi � vi 
 1 � , i � 1�
	�	
	�� r with v1 � u andvr 
 1 � v. A cycle C in G is a path
C � � v1 �
	
	�	�� vr � , with v1 � vr .

A subgraphG��� � V ��� E��� of G � � V� E � inducedbyV � isagraphsuchthatE��� E � � V ���
V ��� . A graphG is saidto bea singleton,if �V � G ����� 1. Any graphG canbepartitioned
into isolatedconnectedcomponentsG1 � G2 �
	�	
	�� Gk andthepartitionis unique.Similarly,
everyfeedbackvertex setV � of G canbepartitionedinto feedbackvertex setsF1 � F2 �
	
	�	�� Fk

suchthatFi is a feedbackvertex setof Gi . Therefore,following theadditive propertyand
denotingby µ

�
G� w� the weight of a minimum feedbackvertex (arc) set for

�
G� w� , we

have:

µ
�
G� w���

k

∑
i � 1

µ
�
Gi � w ���

3. THE FEEDBACK VERTEX SET PROBLEM

Formally, thefeedbackvertex setproblemcanbedescribedasfollows. Let G � � V� E �
bea graphandlet w : V

�
G ��� R
 be a weight functiondefinedon the verticesof G. A

feedbackvertex setof G is asubsetof verticesV ��� V
�
G � suchthateachcyclein G contains

at leastonevertex in V � . In otherwords,a feedbackvertex setV � is a setof verticesof G
suchthatby removingV � from G alongwith all theedgesincidenttoV � , resultsin aforest.
Theweightof afeedbackvertex setis thesumof theweightsof its vertices,andaminimum
feedback vertex setof a weightedgraph(G,w) is a feedbackvertex setof G of minimum
weight. The weight of a minimumfeedbackvertex setwill be denotedby µ

�
G� w� . The

minimumweightedfeedback vertex setproblem(MWFVS) is to find a minimumfeedback
vertex setof agivenweightedgraph

�
G� w� . Thespecialcaseof identicalweightsis called

theunweightedfeedback vertex setproblem(UFVS).

3.1. Mathematical modelof the feedbackvertex setproblem. As acovering-typeprob-
lem, the feedbackvertex setproblemadmitsan integer zero-oneprogrammingformula-
tion. Givena feedbackvertex setV � for a graph

�
G� w � , G � � V� E � , anda setof weights

w � � w� v ��! v" V # G$ , let x �%� xv ! v " V # G$ be a binary vectorsuchthat xv � 1 if v � V � , and
xv � 0 otherwise.Let C be thesetof cyclesin

�
G� w� . Theproblemof finding themini-

mumfeedbackvertex setof G canbe formulatedasan integerprogrammingproblemas
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follows:

min ∑
v & V ' G(

w ) v* xv

s.t. ∑
v & V ' Γ(

xv + 1 , Γ - C

0 . xv . 1 integer, v - V ) G*
/
(1)

If onedenotesby Cv thesetof cyclespassingthroughvertex v � V
�
G � , thenthedualof

thecorrespondinglinearprogrammingrelaxationis a packingproblem:

max ∑
Γ & C

yΓ

s.t. ∑
Γ & Cv

yΓ . w ) v*0, v - V ) G*
yΓ + 0 , Γ - C /

(2)

3.2. Polynomially solvablecases.GiventheNP-completenessof thefeedbackvertex set
problem,a recentline of researchhas focusedon identifying the largestclassof spe-
cially structuredgraphson which suchproblemsremainpolynomially solvable. A pi-
oneeringwork is due to Shamir [78], who proposeda linear time algorithm to find a
feedbackvertex set for a reducibleflow graph. Wang,Lloyd, andSoffa [89] developed
anO
� � E � G ���1	��V � G��� 2 � algorithmfor finding a feedbackvertex set in theclassof graphs

known ascyclicallyreduciblegraphs, which is shown to beunrelatedto theclassof quasi-
reduciblegraphs.Althoughtheexactalgorithmproposedby SmithandWalford [82] has
exponentialrunning time in general,it returnsan optimal solution in polynomial time
for certaintypesof graphs.A variantof thealgorithm,calledtheSmith-Walford-oneal-
gorithm,selectsonly candidatesetsF of sizeoneandrunsin O

� � E � G ����	1�V � G ��� 2 � time.
Theclassof graphsfor which it findsa feedbackvertex setis calledSmith-Walford one-
reducible.In thestudyof feedbackvertex setproblemsa setof operationscalledcontrac-
tion operationshashadsignificantimpact.They contractthegraphG

�
V� E � , while preserv-

ing all theimportantpropertiesrelevantto theminimumfeedbackvertex set.SeeLevy and
Lowe [56] for a detailedanalysisof thesereductionprocedureswhich areimportantfor
the following two reasons.First, a classof graphsof increasingsizeis computed,where
thefeedbackvertex setof eachgraphcanbefoundexactly. Second,mostproposedheuris-
tics andapproximationalgorithmsusethe reductionschemesin orderto reducethe size
of theproblem.Anotherline of researchon polynomiallysolvablecasesfocuseson other
specialclasses,includingchordal andintervalgraphs, permutationgraphs, convex bipar-
tite graphs, cocomparability graphsandon meshesand toroidal meshes, butterflies, and
toroidal butterflies. Thefeedbackvertex seton chordalandinterval graphscanbeviewed
asa specialinstanceof thegeneralizedcliquecover problem,which is solved in polyno-
mial time on chordalgraphs[21, 91] andinterval graphs[64]. For permutationgraphs,
analgorithmdueto BrandsẗadtandKratsch[7] wasimprovedby Brandsẗadt[8] to run in
O
� �V � G ��� 6 � time. Morerecently, Liang[58] presentedanO

� �V � G ���2	
� E � G ���3� algorithmfor
permutationgraphsthatcanbeeasilyextendedto trapezoidgraphswhile keepingthesame
time complexity. On interval graphs,Lu andTang[17] developeda linear-time algorithm
to solvetheminimumweightedfeedbackvertex setproblemusingdynamicprogramming.
Coorg andRangan[20] presentanO

� �V � G ��� 4 � timeandO
� �V � G ��� 4 � spaceexactalgorithm

for cocomparabilitygraphs,which area superclassof permutationgraphs.More recently,
LiangandChang[13] developedapolynomialtimealgorithm,thatby exploringthestruc-
tural propertiesof a cocomparabilitygraphusesdynamicprogrammingto geta minimum
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feedbackvertex setin O
� �V � G � 2 �4� E � G ���3� time. A recentline of research[62] on polyno-

mially solvablecasesfocusesonspecialundirectedgraphshaving boundeddegreeandthat
arewidely usedasconnectionnetworks,namelymesh,butterfly andk-dimensionalcube
connectedcycle(CCCk).

3.3. Approximation algorithms on undir ectedgraphs. A 2log2 �V
�
G��� -approximation

algorithmfor theunweightedminimumfeedbackvertex setproblemonundirectedgraphs
is containedin a lemmadueto ErdösandPosa[26]. This resultwasimprovedby Monien
andSchulz[65] to obtaina performanceratio of O

�
log �V � G ���3� . Bar-Yeruda,Geiger,

Naor, andRoth [2] gave anapproximationalgorithmfor theunweightedundirectedcase
having ratio lessthanor equalto 4 andtwo approximationalgorithmsfor the weighted
undirectedcasehaving ratios4log2 �V

�
G ��� and2∆2 � G � , respectively. To speedupthe al-

gorithm, Bar-Yerudaet al. show how to preprocessthe input valid graphby applying
the correspondingundirectedversionsof the Levy-Lowe reductiontransformations.For
the feedbackvertex set problemin generalundirectedgraphs,two slightly different 2-
approximationalgorithmsaredescribedin Becker andGeiger[3] andby Bafna,Berman,
andFujito [1]. Thesealgorithmsimprove theapproximationalgorithmsof Bar-Yerudaet
al. [2]. They alsocanfind a loop cutsetwhich, underspecificconditions,is guaranteed
in the worst caseto containlessthanfour timesthe numberof variablescontainedin a
minimum loop cutset. Subsequently, Becker andGeiger[4] appliedthe samereduction
procedurefrom the loop cutsetproblemto the minimum weightedfeedbackvertex set
problemof Bar-Yerudaet al. [2], but their result is independentof any conditionandis
guaranteedin theworstcaseto containlessthantwice thenumberof variablescontained
in a minimumloop cutset.Becker andGeiger[4] proposetwo greedyapproximational-
gorithmsfor finding theminimumfeedbackvertex setV � in a vertex-weightedundirected
graph

�
G� w � , oneof themhaving performanceratio boundedby theconstant2 andcom-

plexity O
�
m 5 nlogn � , wherem �%� E � G ��� andn �%�V � G ��� . In [18], Chudak,Goemans,

Hochbaum,and Williamson showed how the algorithmsdue to Becker and Geiger [3]
andBafna,Berman,andFujito [1] canbeexplainedin termsof theprimal-dualmethodfor
approximationalgorithmsthatareusedtoobtainapproximationalgorithmsfor networkde-
signproblems.Theprimal-dualmethodstartswith anintegerprogrammingformulationof
theproblemunderconsideration.It thensimultaneouslybuildsa feasibleintegral solution
anda feasiblesolutionto thedualof thelinearprogrammingrelaxation.If it canbeshown
thatthevalueof thesetwo solutionsis within a factorof α, thenanα-approximationalgo-
rithm is found. The integrality gapof an integerprogramis theworst-caseratio between
theoptimumvalueof the integerprogramandtheoptimumvalueof its linear relaxation.
Therefore,by applyingthe primal-dualmethodit is possibleto proof that the integrality
gapof the integerprogramunderconsiderationis bounded.In fact, Chudaket al., after
giving a new integerprogrammingformulationof the feedbackvertex setproblem,pro-
videda proof that its integrality gapis at most2. They alsogave theproofsof somekey
inequalitiesneededto provethecorrectnessof theirnew integerprogrammingformulation.

Theorem1. Let V � denoteany feedback vertex setof a graph G � � V� E � , E 6� /0, let τ
denotethe cardinality of the smallestfeedback vertex set for G, and let E

�
S� denotethe

subsetof edgesthathavebothendpointsin S � V
�
G � , b
�
S���7� E � S���98:� S��5 1. Then

∑
v " V �
;
∆G
�
v �<8 1=4> b

�
V
�
G ���(3)
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∑
v " V �

∆G
�
v ��> b

�
V
�
G�
�?5 τ �(4)

If everyvertex in G hasdegreeat leasttwo, andV � M is any minimal feedback vertex set
(i.e. @ v � V � M � V � M A � v! is nota feedback vertex set),then

∑
v " V � M

∆G
�
v�CB 2

�
b
�
V
�
G ���?5 τ �<8 2�(5)

Even, Naor, Schieber, andZosin [27] showed that the integrality gapof that integer
programfor thestandardcycle formulationof thefeedbackvertex setproblemis Ω

�
logn � .

Thenew integerprogrammingformulationgivenby Chudaketal. [18] is asfollows:

min ∑
v & V ' G(

w ) v* xv

s.t. ∑
v & S
) ∆S ) v*�D 1* xv + b ) S*

S E V ) G* : E ) S*GFH /0
xv -JI 0K 1L v - V ) G*
/

(6)

Thelinearprogrammingrelaxationis:

min ∑
v & V ' G(

w ) v* xv

s.t. ∑
v & S
) ∆S ) v*�D 1* xv + b ) S*

S E V ) G* : E ) S*GFH /0
xv + 0 v - V ) G*
K

(7)

andits dualis:
max∑

S
b ) S* yS

s.t. ∑
S:v & S
) ∆S ) v*�D 1* yS . wv v - V ) G*

yS + 0 S E V ) G* : E ) S*�FH /0 /
(8)

For the subsetfeedbackvertex problemEven, Naor, Schieber, andZosin [27] showed
that it canbe approximatedin polynomialtime by a factorof min� 2 ∆

�
G ��� 8 log

� �V M��15
1 �N� O� logτ O���! , whereτ O denotesthe valueof the optimal fractionalsolution. In [27] the
authorsalsoproposeda technique,calledbootstrapping, that enhancestheO

�
log �V M��P� to

a factorof O
�
logτ ORQ β � , whereβ denotestheminimumweightof a vertex. Thebootstrap-

ping techniqueiteratively usesa graphpartition algorithm. The outputof eachiteration
is by itself a subsetfeedbackvertex setandis usedaspart of the input of the next iter-
ation. After O

�
log �V M��P� iterationsthealgorithmgivesasoutputa subsetfeedbackvertex

sethaving weight at mostO
�
τ O logτ O�� . Even, Naor andZosin [29] improved this result

proposinga 8-approximationalgorithm. Themaintool that they usedin developingtheir
approximationalgorithmandits analysisis anew versionof multi-commodityflow, called
relaxedmulti-commodityflow, a hybridof multi-commodityflow andmulti-terminalflow,
in whichthereareadditionalconstraints,calledinter-commodityconstraints. For eacharc,
the authorsconsideredthe maximumflow amongall the commodities,which is shipped
along it. They requiredthat for eachvertex v � V

�
G � the sum of the maximumflows

shippedalongits incidentarcsbeboundedby four timesthecapacityof v. By considering
themulti-commodityflow, theverticesfor which theinter-commodityconstraintsaretight
play an importantrole from thepoint of view of theconnectivity of thegraph. They are
calledinter-saturedvertices.Themainresultof Evenet al. is a theoremthatboundsthe
weightof theverticesthatmustbeinter-satured,soasto satisfya givendemandvectorby
thesumof demands.
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3.4. Approximation algorithms on dir ectedgraphs. In general,problemsonundirected
graphsarerelatively easierto handlethanproblemson directedgraphs,sincemoregraph
theorycanbeutilized. Not surprisingly, theapproximationresultsobtainedsofar for the
undirectedversionarestrongerthanthosefor the directedversion. In fact, noneof the
algorithmsreferredto in the previoussubsectionsapply to the feedbackvertex setprob-
lem in directedgraphsand,in contrastwith the undirectedversion,no analyticalresults
areknown for thedirectedcase.A very recentdirectionof researchon approximational-
gorithmsin thedirectedversionfocuseson thecompleteequivalenceamongall feedback
set(and/orfeedbacksubset)problemsandamongtheseandthedirectedminimumcapac-
ity multicut problemin circular networks. An exhaustive descriptionof the procedures
that reduceany feedbacksetproblemto any otheror any of themto the directedmini-
mum capacitymulticut problemandvice versaareformalizedandusedby Even, Naor,
Schieber, andSudan[28] to obtainan approximationalgorithmfor the subsetfeedback
arcsetproblemof a weighteddirectedgraphG � � V� E � , wherethe interestingcyclesto
be hit arecontainedin a setof specialverticesX � V

�
G � , where � X �S� k. The weight

of the feedbackarc set found by their approximationalgorithmis O
�
τ O log2 � X �3� , where

τ O is the weight of an optimal fractionalfeedbackset. Nevertheless,their approachcan
beusedto solve any otherfeedbacksetproblemaswell asthedirectedminimumcapac-
ity multicut problem. Evenet al. [28] alsoproposedanalgorithmfor approximatingthe
minimumweightedsubsetvertex setproblemin theweightedanddirectedcase,leading
to a result that holds for any other feedbacksetproblemaswell. Their approachis an
algorithmicadaptationof a theoreticalresultdueto Seymour [77], who proved that the
integrality gapin thecaseof theunweightedfeedbackvertex setproblemcanbeat most
O
�
logτ O loglogτ O�� , whereτ O is definedasabove. Even et al. observe that all existence

argumentscontainedin the proof of Seymour’s statementcanbe madeconstructive and
thus,with someadditionaloperations,analgorithmfor theunweightedfeedbackvertex set
problemhaving an approximationfactorof O

�
logτ O loglogτ O1� canbe obtained.Further

modificationsof thealgorithmleadto apolynomialtimeapproximationschemeapplicable
to theweightedproblem.In O

� � E � G ����	
�V � G ��� 2 � timethealgorithmfindsafeedbackvertex
sethaving weightOT minU τV logτV loglogτV9W τV log XV T GY�X loglog XV T GY�X Z�Y . All theobservationscon-
tainedin [28] improve theO

�
log2 �V � G ���3� -approximationalgorithmfor this case[54]. In

thecaseof directedplanargraphs,Stamm[85] presentedanO
� �V � G ��� log �V � G ���P� -approx-

imationalgorithm,whoseperformanceguaranteeis boundedby themaximumdegreeof
the graphandan O

� �V � G ��� 2 � time approximationalgorithmwith performanceguarantee
no morethanthe numberof cyclic facesin the planarembeddingof the graphminus1.
Cai,Deng,andZang[10] obtaineda 2� 5-approximationalgorithmfor theminimumfeed-
backvertex setproblemon tournaments,improving thepreviously known algorithmwith
performanceguaranteeof 3 by Speckenmeyer[84]. Let H bethetriangle-vertex incidence
matrix of a tournamentT andlet e betheall-onevector. In [10], necessaryandsufficient
conditionsareestablishedfor the linear system� x � Hx > e� x > 0! to be a totally dual
integral system(TDI).

Definition 1. A rational linear system� x � Hx > e� x > 0! is calledtotally dual integral,
if theoptimizationproblemmax� yTb � yTA B cT � y > 0! hasan integral optimumsolution
y for everyintegral vectorc for which themaximumis finite.

It hasbeenshown thatany rationalpolyhedronP hasa TDI SystemP �[� x : Ax B b !
representationwith A integral, andthat, if P is full-dimension,thereis a uniqueminimal
TDI SystemP �\� x : Ax B b! with A andb integral if andonly if P is integral. In [11]
theauthorshaveextendedthis approachto thefeedbackvertex setproblemsandthecycle
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packingproblemin bipartite tournaments, wherea bipartitetournamentis anorientation
of a completebipartitegraph.For theaforementionedproblemsthey have foundstrongly
polynomialtimealgorithms,whichareaconsequenceof amin-maxrelaxationonpacking
andcoveringdirectedcycles.

3.5. Exact algorithms. In contrastto the numerousapproximationschemesthat have
beenstudied,relatively few exact algorithmsfor the feedbackvertex set problemhave
beenproposed.To our knowledge,thefirst algorithmto find anexactminimal cardinality
FVSis duetoSmithandWalford[82], whoproposedaparticulargraphpartitiontechnique.
Althoughtheir algorithmsolvestheproblemin anarbitrarydirectedgraphin exponential
runningtime, it returnsanoptimalsolutionin polynomialtime for certaintypesof graphs.
Later, exactalgorithmsof enumerative natureoften usedthe graphreductionprocedures
to speedup the process.Onestudyby Cheng[16] essentiallyuseddirect enumeration
plusreductionandreportedsatisfactorycomputationalresultsfor a setof partialscande-
sign test problems. Orenstein,Kohavi, andPomeranz[66] proposeda somewhat more
involvedexactenumerativeprocedurebasedon graphreductionandefficient graphparti-
tioning methods.Their algorithmhasbeendesignedfor identifying a minimumfeedback
vertex set in a digital circuit andit is efficient in randomgraphs,even thoughin cliques
or graphsthatare’almost’ cliquesit hasanexponentialbehavior, sincethereductionand
partitiontechniquescannotbeapplied.
Somewhatsurprising,exactalgorithmsfor feedbackvertex setbasedonmathematicalpro-
grammingformulationarequite few. Recently, Funke andReinelt[32] considereda spe-
cial variantof feedbackproblems,namelytheproblemof findingamaximumweightnode
inducedacyclic subdigraph.They discussedvalid andfacetdefininginequalitiesfor the
associatedpolytopeanddevelopeda polyhedral-basedexactalgorithmpresentingcompu-
tationalresultsobtainedby applyingabranch-and-cutalgorithm.

4. THE FEEDBACK ARC SET PROBLEM

GivenagraphG � � V� E � andanonnegativeweightfunctionw : E
�
G�]� R
 definedon

thearcsof G, the feedbackarcsetproblemconsistsof finding a minimum-weightsubset
of arcsE�G� E

�
G � thatmeetsevery cycle in a givencollectionC of cyclesin

�
G� w� . As

in thevertex case,this leadsto theminimumfeedback arc setproblem(MWFAS) in both
directedandundirectedgraphs,theminimumweightedgraphbipartizationproblemvia arc
removals,andsoon.

4.1. Mathematical model of the feedback arc set problem. Given an arc weighted
graph

�
G� w� , G � � V� E � andthe setC of all cycles in G, the minimum weightedfeed-

backarcsetproblemcanbeformulatedasthefollowing integerprogrammingproblem:

min ∑
e& E ' G(

w ) e* xe

s.t. ∑
e& Γ

xe + 1 , Γ - C

xe -^I 0K 1L_, e - E ) G*
/
(9)

In its relaxation,the constraintsxe �`� 0� 1 ! , @ e � E
�
G � arereplacedby xe > 0, @ e �

E
�
G � , obtaininga fractionalfeedbackarc set. As with the feedbackvertex setproblem,

the feedbackarcsetproblemis a coveringproblemandits (linearprogramming)dual is
calleda packingproblem.In thecaseof thefeedbackarcsetproblemthismeansassigning
a dualvariableto all interestingcyclesto behit in thegivengraph,suchthat for eacharc
thesumof thevariablescorrespondingto theinterestingcyclespassingthroughthatarcis
atmosttheweightof thearcitself.
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4.2. Stateof the art of feedbackarc set problems. Feedbackarc setproblemstendto
beeasierthantheir vertex counterparts,especiallyfor planargraphs.In thedirectedcase
feedbackvertex andfeedbackarc setproblemsareeachreducibleto oneanother. Even,
Naor, Schieber, andSudan[28] showed how to performreductionsamongfeedbackset
problemsandfeedbacksubsetproblemsandvice versa,preservingfeasiblesolutionsand
their costs. In all reductions,thereis a one-to-onecorrespondencebetweenfeasibleso-
lutionsandtheir correspondingcosts.Therefore,anapproximatesolutionto oneproblem
canbetranslatedto anapproximatesolutionof theotherproblemreducibleto thisproblem.
Becausemostof thereductionprocedurescanbeperformedin lineartime,theseproblems
canbeviewedasdifferentrepresentationsof thesameproblem.Hence,asfeedbackvertex
setsarereducedinto feedbackarc setswith the sameweightandvice versa,all of these
problemsareequallyhardto approximate.In theliteratureof feedbacksetproblemsmost
of theproposedalgorithmsaredesignedto solve theproblemin vertex-weightedgraphs.
Oneof thepioneeringpapersonfeedbackarcsetproblemsis dueto to Ramachandran[75],
whereit is provedthat finding a minimumfeedbackarcsetin anarc-weightedreducible
flow graphis asdifficult asfindinga minimumcut in a flow network. Theproposedalgo-
rithm hascomplexity O

�
m n2 log

� n2

m �
� , wherem �a� E � G ��� andn �[�V � G ��� . Thealgorithm
wasadaptedto solve theproblemin thevertex-weightedcase.Shamir’s linear time algo-
rithm [78], usedfor the unit-weightedcase,cannotbe appliedto solve the arc-weighted
problem,becauseany reductionbetweenarcandvertex setproblemsdoesnotpreservethe
reducibilityproperty. GivenadirectedgraphG � � V� E � , adijoin E� � E

�
G � is asetof arcs

suchthatthegraphG� � � V� B � , B � E bJ� � v� u �C� � u� v �G� E� ! is stronglyconnected.Given
nonnegativeweightswe, e � E

�
G � , theminimum-weightdijoin problemis to find thedi-

join with minimumweight. Thefeedbackarcsetproblemin planardigraphsis reducible
to the problemof finding a minimum-weightdijoin in the dual graph,which is solvable
in polynomial time [38]. Stamm[85] proposeda simple2-approximationalgorithmfor
the minimum weight dijoin problemby superposingtwo arborescences.It is interesting
to observe that,whentranslatedto thedualgraph,all theseproblemsleadto problemsof
hitting certaincutsetsof thedualgraph,problemswhichcanbeapproximatedwithin a ra-
tio of 2 by theprimal-dualmethod.GoemansandWilliamson[37] proposedaprimal-dual
algorithmthatfindsa 9

4-approximatesolutionto feedbacksetproblemsin planargraphs.
Thefirst approximationalgorithmfor thefeedbackarcsetproblemwasgivenby Leighton
andRao[54]. Their approximationfactoris O

�
log2n � in theunweightedcase,wheren is

thenumberof verticesof the input graph. This boundwasobtainedby usinga O
�
logn �

approximationalgorithmfor a directedseparatorthat splits the graphinto two approxi-
matelyequally-sizedcomponents,SandS̄. Thisseparatorcanbefoundby approximating
specialcutscalledquotientcuts. This resultwasimprovedby Seymour [77], who gave
a O
�
lognloglogn � -approximationalgorithmthatsolvesthe linear relaxationof the feed-

backarcsetmathematicalmodelandtheninterpretstheoptimal fractionalsolutionxO as
a lengthfunction definedon the arcs. Systematically, in a recursive fashion,it usesthis
lengthfunction to deletefrom thegraphG all arcsbetweenSandS̄. Note that the linear
programcanbesolvedin polynomialtimeby usingtheellipsoidor aninteriorpoint algo-
rithm. Hence,thequality of theboundin this approachdependson theway thegraphis
partitioned.Seymourin [77] provedthefollowing lemma:

Lemma 1. For a given strongly connecteddigraph G � � V� E � , supposethere exists a
feasiblesolutionx to the feedback arc setproblem. If φ is the valueof theoptimal frac-
tional solutionxO , then there exists a partition

�
S� S̄� such that, for someε, 0 c ε c 1,

the following conditionshold: If δ
 � S�d�e� � u� v �J� � u� v �f� E
�
G��� u � S� v � S̄! and
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δ g � S�<�a� � v� u �d� � v� u ��� E
�
G ��� u � S� v � S̄! , thenthefollowing is true:

∑
e" E # S$

w
�
e� x � e��B εφ �(10)

∑
e" E # S̄$

w
�
e� x � e��B � 1 8 ε � φ(11)

andeither

∑
e" δhi# S$

w
�
e��B 20εφ log

� 1
ε
� loglogφ(12)

or

∑
e" δj�# S$

w
�
e��B 20εφ log

� 1
ε
� loglogφ �(13)

Furthermore, thepartition
�
S� S̄� canbefoundin polynomialtime.

The previous lemmaadmitsa constructive proof as hasbeenshown by Even, Naor,
Schieben,andSudan[28]. The algorithmproposedby Even et al. finds a feedbackarc
sethaving weight O

�
τ O log2 � X �3� , whereX is a specialsetof verticesdefiningthe cycles

to be hit andτ O is the weight of an optimal fractional feedbackset. They hadthe idea
of reducingthe problemto the directedminimum capacitymulticut problemin circular
networks andof adaptingthe undirectedsphere growing techniquedescribedin [35] to
directedcircularnetworks.They decomposedthegraphin thefollowing way. A fractional
andoptimalsolutionto thedirectedfeedbacksetprobleminducesadistancemetricon the
setof arcs(on thesetof vertices)E

�
G� . Theirapproximationalgorithmarbitrarilypicksa

vertex v � X andsolvestheshortestpathtreeproblemrootedatv with respectto themetric
inducedby thefractionalsolution. Theprocedurethatfindstheshortestpathtreedefines
layerswith respectto thesourcev. Eachlayeris adirectedcut thatpartitionsthegraphinto
two parts.Thenext stepof theapproximationalgorithmis to choosea directedcut andto
addthecut to thefeedbacksetconstructedsofar. Thealgorithmcontinuesrecursively in
eachpartandendswhenthegraphdoesnotcontainany interestingcycles.Thekey of the
algorithmis thechoiceof thecriterionto selectthedirectedcut thatpartitionsthegraph.
Even et al. decidedto relatethe weight of the cut to the costof the fractionalsolution.
More recently, Even,Naor, Schieber, andZosin[27] showedthat,for any weightfunction
definedonthearcs,thesubsetfeedbackarcsetproblemcanbeapproximatedin polynomial
timeby a factorof two. Theapproximationalgorithmconsistsof successivecomputations
of minimum cuts. Its approximationfactoris estimatedby consideringthe capacitiesof
minimumcutsasflow paths.Whennew minimumcutsarecomputed,previousflow paths
areupdatedaccordingto thedecompositionof thegraphinducedby anoptimalsolution.

5. A GRASP FOR FEEDBACK SET PROBLEMS

Although the approximationalgorithmsguaranteea solutionof a certainquality, for
many practicalrealworld cases,heuristicmethodscanleadto bettersolutionsin a reason-
ableamountof CPUtime. Metaheuristics,suchasgeneticalgorithms,simulatedanneal-
ing, greedyrandomizedadaptivesearchprocedures(GRASP),Lagrangeanrelaxation,and
othershave beendevelopedwith successfulcomputationalperformanceon a wide range
of combinatorialoptimizationproblems.Interestingly, however, feedbackvertex setprob-
lemsseemtobeanexception.For thisfamilyof problemsrelatively few practicalheuristics
have beendeveloped.Furthermore,mostof theheuristicsthat seemto bequitesuccess-
ful computationallyaregreedytypeheuristicsor generalizedgreedytypeheuristics(e.g.
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GRASP).Almostall theefficientheuristicsdevelopedsofaremploy thesolution-preserved
reductionrulesstudiedby Levy andLowe [56]. It hasbeenobservedin practicethat this
groupof heuristicsgreatlyreducesthecardinalityof thegraphnotonly at thebeginningof
thealgorithm,but alsodynamicallyduringtheexecutionof nodedeletiontypeheuristics.
A recentline of researchon heuristicapproachesis dueto Pardalos,Qian, andResende
[69] wherethreevariantsof thesocalledGreedyRandomizedAdaptiveSearch Procedure
(GRASP)metaheuristicareproposedfor finding approximatesolutionsof largeinstances
of the feedbackvertex setproblemin a digraph. GRASPis a multistartmethodcharac-
terizedby two phases:a constructionphaseanda local searchphase,alsoknown as a
local improvementphase.During theconstructionphasea feasiblesolutionis iteratively
constructed.Oneelementat time is randomlychosenfrom a RestrictedCandidateList
(RCL), whoseelementsaresortedaccordingto somegreedycriterion,andis addedto the
building feedbackvertex setandremovedfrom thegraphwith all its incidentarcs.Since
thecomputedsolution,in general,maynot belocally optimalwith respectto theadopted
neighborhooddefinition, the local searchphasetries to improve it. Thesetwo phasesare
iteratedandthebestsolutionfoundis keptasanapproximationof theoptimalsolution.To
improvetheefficiency of themethod,Pardalosetal. incorporatedin eachiterationof their
algorithmsolution-preservinggraphreductiontechniquesin theirdirectedversionandthat
canbeusedalsoto checkif a digraphis acyclic, returninganemptyreducedgraphin case
of positive answer. The authorsemployed the following threegreedyfunctionsusedto
selectthenodewith themaximumG

�
i � values:

1. GA
�
i �?� in

�
i �?5 out

�
i � ;

2. GB
�
i �?� in

�
i �<k out

�
i � ;

3. GC
�
i ��� max� in � i ��� out

�
i ��! .

GreedyfunctionGA assignsequalweightto in- andout-degrees.GB favorsthebalancebe-
tweenin- andout-degrees.GC only considersthelargestvalueof thedegrees.As demon-
stratedin Pardaloset al., GB producedthebestcomputationalresults.GRASPwastested
on two randomlygeneratedproblemsets,finding theoptimalsolutionsto all theproblems
in thefirst set,wheretheoptimalvaluesareknown (computedby FunkeandReinelt[32]).
Furthermore,this GRASPdominatesthe puregreedyheuristicsin all the test instances
with comparablerunningtime. In Festa,Pardalos,andResende[31], Fortransubroutines
aregivenfor finding approximatesolutionsof boththedirectedfeedbackvertex setprob-
lem andthedirectedfeedbackarcsetproblemusingGRASP. Thesubroutinesfor solving
approximatelythefeedbackvertex setproblemcorrespondsto thepseudo-codealgorithm
proposedby Pardalos,Qian, andResendein [69]. The subroutinesfor solving approxi-
matelythefeedbackarcsetproblemusesa linear-timeprocedureproposedby Even,Naor,
Schieber, andSudanin [28] in orderto reducethegivenfeedbackarcsetprobleminstance
to anequivalentfeedbackvertex setprobleminstance,andthenthereducedvertex version
problemis solved.

6. FUTURE RESEARCH

As GrötschelandLovász[39] pointedout, fastconstructionheuristicscombinedwith
local improvementtechniquestailoredfor specialapplicationshavebeenthe“workhorse”
of combinatorialoptimizationin practice.As thedesignof efficient constructionheuris-
tics and local searchprocedureswill be a key to the effective computationalprocedure
for feedbacksetproblems,new approachesareconsideredthatwill leadto higherquality
solution. New variantsof the classicalGRASPapproachareconsidered,called Reac-
tive GRASPtechniques.Thefirst ideaalongthis line hasbeendueto PraisandRibeiro
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[73], who usedReactive GRASPto a matrix decompositionproblemarisingin the con-
text of traffic schedulingin satellite-division-multiple-accesssystems(SS/TDMA). In the
Reactive GRASP, the restrictedcandidatelist parameterα is not fixed, but self-adjusted
accordingto the quality of the solutionpreviously found during the search.In morede-
tail, theparameterα is randomlychosenfrom asetof mpredeterminatedacceptablevalues
A �l� α1 �2	�	�	�� αm ! . Associatedwith thechoiceof αi thereis aprobabilitypi , initially corre-
spondingto a uniformdistribution. During thesearchphasesomeinformationis collected
in orderto changethediscretesetof probabilities� pi ! i � 1 m n n nomm. Severalpossiblestrategies
canbe exploredfor this updateoperation.Oneamongthemhasbeenproposedby Prais
andRibeiro.It is an absolutequalificationrule,basedontheaveragevalueof thesolutions
obtainedwith eachvalueof α � αi . Oncechosentheupdatingcriterionof theprobabilities
� pi ! i � 1 m n n nPmm, it is possibleto usedifferentvaluesof α at different iterations. Therefore,
differentrestrictedcandidatelists can be built andeventuallydifferentsolutionscanbe
constructed,whichwouldneverbebuilt by usingasingle,fixedvalueof α.
FeoandResendehave alreadydiscussedin [30] theeffectstheparameterα canhave on
thequalityof thesolutionand,at leastanalyzingtheresultsobtainedby PraisandRibeiro,
it seemsthatα canhaveanevidentimpacton theoutcomeof aGRASPprocedure.

7. CONCLUSIONS

Despitethelargebodyof work on approximationalgorithms,computationalstudiesof
feedbacksetproblemsseemto bestill in theirembryonicstage.Nomodernmetaheuristics,
excepttheGRASPprocedurerecentlydevelopedby Pardalos,Qian,andResende[69] have
everbeenappliedto thefeedbackvertex setproblem.Thesizeof thegeneralproblemthat
can be handledis still quite limited. It seemsthat this areaof computationalresearch
hasthe greatestpotentialfor progressandimpactin the comingyears. It hasto be also
underlinedthat,sincedetectingcyclesis a relatively expensiveoperation,thelocal search
of feedbackvertex setappearsto beevenmoredifficult thanothernotoriouscombinatorial
problemslike the traveling salespersonor setcovering problems. Therefore,the design
of efficient local searchproceduresand fastconstructionheuristicswill be a key to the
effectivecomputationalprocedurefor feedbacksetproblems.
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[49] D.J.Klein, T.P. Zivković, andR. Valenti: ’Topologicallong-rangeorderfor resonating-valance-bond struc-

tures’,Phys.Rev. B Vol.43A (1991),723-727.
[50] A. Kunzmann,andH.J.Wunderlich:’An analyticalapproachto thepartialscanproblem’,J. of Electronic

Testing:TheoryandApplicationsVol.1 (1990),163-174.
[51] H. Kim, andJ. Perl,: ’A computationalmodelfor combinedcausalanddiagnosticreasoningin inference

systems’,8th IJCAI, Morgan-Kaufmann,SanMateo,CA, (1983),190-193.
[52] S.L. Lauritzen,andD.J.Spiegelhalter:’Local computationswith probabilitieson graphicalstructuresand

their applicationto expertsystems(with discussion)’,J. Roy. Stat.Soc.Ser.B Vol.50(1988),157-224.
[53] D. Lee,andS.Reedy:’On determiningscanflip-flops in partialscandesigns’,InternationalConferenceon

ComputerAidedDesign(1990),322-325.
[54] T. Leighton,andS. Rao: ’An approximatemax-flow min-cut theoremfor uniform multicommodityflow

problemswith applicationsto approximationalgorithms’,29th AnnualSymposiumon Fundationsof Com-
puterScience, (1988),422-431.

[55] A. Lempel,andI. Cederbaum:’Minimum feedbackarcandvertex setsof adirectedgraph’,IEEETransac-
tionsoncircuit theoryCT-13(1966),399-403.

[56] H. Levy, andL. Lowe: ’A contractionalgorithmfor findingsmallcyclecutsets’,JournalOf AlgorithmVol.9
(1988),470-493.

[57] X. Li, andF. Zhang:’Hexagonalsystemswith forcingedges’,Discr. Math.Vol.140(1995),253-263.
[58] Y.D. Liang: ’On the feedbackvertex setproblemin permutationgraphs’,InformationProcessingLetters,

Vol. 52 (1994),123-129.
[59] J. Liu, andC. Zhao: ’A new boundon the feedbackvertex setsin cubic graphs’,DiscreteMathematics

Vol.148(1996),119-131.
[60] E.L. Lloyd, M.L. Soffa,andC.C.Wang:’On locatingminimumfeedbackvertex sets’,Journalof Computer

andSystemSciencesVol.37(1988),292-311.
[61] C.L. Lucchesi,andD.H. Younger:’A minimaxtheoremfor directedgraphs’,J. LondonMath.Soc.Vol.17

(1978),369-374.



14 P. FESTA, P. M. PARDALOS, AND M. G. C. RESENDE

[62] F.L. Luccio: ’Almost exactminimumfeedbackvertex setin meshesandbutterflies’,InformationProcessing
Letters Vol.66(1998),59-64.

[63] C. Lund,andM. Yannakakis:’On thehardnessof approximatingminimizationproblems’,25th ACM Symp.
OnTheoryOf Computing(1993),286-293.

[64] M.V. Marathe,C.PanduRangan,and R. Ravi: ’Efficient algorithmsfor generalizedclique covering on
interval graphs’,Discr. Appl.Math.Vol.39(1992),87-93.

[65] B. Monien, and R. Schultz: ’Four approximationalgorithmsfor the feedbackvertex setproblems’,7th

ConferenceonGraphTheoreticConceptsof ComputerScience, Hanser-Verlag,Münich(1981),315-326.
[66] T. Orenstein,Z. Kohavi, andI. Pomeranz:’An optimalalgorithmfor cycle breakingin directedgraphs’,J.

of Electronic Testing:TheoryandApplicationsVol.7 (1995),71-81.
[67] L. Pachter, andP. Kim: ’Forcingmatchingsonsquaregrids’, Discr. MathVol.190(1998),287-294.
[68] C. Papadimitriou,andM. Yannakakis:’Optimization,approximationandcomplexity classes’,20th Annual

ACM Symp.onTheoryof Computing(1988),251-277.
[69] P.M. Pardalos,T. Qian,andM.G.C.Resende:’A greedyrandomizedadaptivesearchprocedurefor feedback

vertex set’,J. Comb. Opt.Vol.2 (1999),399-412.
[70] D. Peleg: ’Local majority voting, small coalitions,andcontrollingmonopoliesin graphs:A review’, 3th

ColloquiumonStructural InformationandCommunicationComplexity (1996),152-169.
[71] D. Peleg: ’Sizeboundsfor dynamicmonopolies’,4th ColloquiumonStructural InformationandCommuni-

cationComplexity (1997)CarletonUniv. Press,Ottawa, 165-175.
[72] J.Perl: ’Fusion,propagationandstructuringin beliefnetworks’, Artif. Intell. Vol.29(1986),241-288.
[73] M. Prais,andC.C.Ribeiro: ’Reactive GRASP:anapplicationto amatrixdecompositionproblemin TDMA

traffic assignment’
[74] T. Qian,Y. Ye, andP.M. Pardalos:’A Pseudo-ε approximationalgorithmfor feedbackvertex set’, Recent

Advancesin Global Optimization, Floudas,C.A. andPardalos,P.M., Eds.,Kluwer AcademicPublishing
(1995),341-351.

[75] V. Ramachandran:’Finding a minimumfeedbackarcsetin reducibleflow graphs’,Journal of Algorithms
Vol.9 (1988),299-313.

[76] B. Rosen:’Robustlinearalgorithmsfor cutsets’,Journal of AlgorithmsVol.3 (1982),205-217.
[77] P.D. Seymour: ’Packingdirectedcircuitsfractionally’, CombinatoricaVol.15(1995),281-288.
[78] A. Shamir: ’A linear time algorithmfor finding minimum cutsetsin reducedgraphs’,SIAM Journal On

ComputingVol.8 No.4(1979)pp.645-655.
[79] R.D. Shatcher, S.K. Andersen,andP. Szolovits: ’Global conditioningfor probabilisticinferencein belief

networks’, 10th ConferencesonUncertaintyin AI, Seattle,WA (1994),514-522.
[80] A.C. Shaw: ’The logicaldesignof operatingsystems’,Prentice-Hall,EnglewoodCliffs, NJ,(1974).
[81] D.A. Simovici, andG. Grigoras:’Even initial feedbackvertex setproblemis NP-complete’,Information

ProcessingLetters Vol.8 (1979),64-66.
[82] G.W. Smith,andR.B. Walford: ’The identificationof a minimal feedbackvertex setof a directedgraph’,

IEEETransactionsonCircuitsandSystemsVol.CAS-22No.1,(1975),9-14.
[83] E. Speckenmeyer: ’On feedbackvertex setsandnonseparatingindependentsetsin cubicgraphs’,Journal

of GraphTheoryVol.12(1988),405-412.
[84] E.Speckenmeyer: ’On feedbackproblemsin digraphs’,LectureNotesin ComputerScience, Springer-Verlag

Vol.411(1989),218-231.
[85] H. Stamm:’On feedbackproblemsin a planardigraph’, in R. Möhringed.Graph-Theoretic Conceptsin
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