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1. INTRODUCTION

In recentyearsfeedbacksetproblemshave beenthe subjectof growing interest. They
have foundapplicationsn mary fields,includingdeadlockprevention[89], programveri-
fication[78], andBayesiarinference[2]. Thereforeijt is naturalthatin the pastfew years
therehave beenintensvie efforts on exact and approximationalgorithmsfor thesekinds
of problems.Exactalgorithmshave beenproposedor solving the problemsrestrictedto
speciaklasse®f graphsaswell asseveralapproximatioralgorithmswith provablebounds
for the caseghatarenot known to be polynomially solvable. The mostgeneralfeedback
setproblemconsistsan finding a minimum-weightor minimumcardinality)setof vertices
(arcs)thatmeetsall cyclesin a collectionC of cyclesin agraph(G,w), wherew is anon-
negative functiondefinedonthesetof verticesV (G) (onthesetof edgesE(G)). Thiskind
of problemis alsoknown asthe hitting cycle problem,sinceonemusthit every cycle in
C. It generalizes numberof problems,ncludingthe minimumfeedbak vertex (arc) set
problemin bothdirectedandundirectedjraphsthe subseminimumfeedbak vertex (arc)
setproblemandthe graphbipartizationproblem,in which onemustremove a minimum-
weightsetof verticessothatthe remaininggraphis bipartite. In fact,if C is the setof all
cyclesin G, thenthehitting cycle problemis equivalentto the problemof finding the min-
imum feedbackvertex (arc) setin a graph. If we aregivena setof specialverticesandC
is thesetof all cyclesof anundirectedyraphG thatcontainssomespecialvertex, thenwe
have the subsefeedbak vertex (arc) setproblemand,finally, if C containsall oddcycles
of G, thenwe have the graph bipartizationproblem All theseproblemsarealsospecial
case®f vertex (arc)deletionproblemswhereoneseeksa minimum-weight(or minimum
cardinality)setof vertices(arcs)whosedeletiongivesa graphsatisfyinga givenproperty
Therearedifferentversionsof feedbak setproblems dependingon whetherthe graphis
directedor undirectedand/orthe vertices(arcs)areweightedor unweighted.Yannakakis
[90] hasgivena generaNP-hardnesprooffor almostall vertex andarcdeletionproblems
restrictedto planargraphs. Theseresultsapply to the planarbipartizationproblem,the
planar(directedundirectedpr subsetfeedbackrertex setproblemsalreadyprovedto be
NP-hard[33, 46]. Furthermorejt is NP-completefor planargraphswith no indegreeor
outdeggreeexceedingthree[46], generalgraphswith no indegreeor outdegreeexceeding
two [46], andedge-directedraphd46].

The scopeof this articleis to give a completestate-of-arsurey of exactandapproxima-
tion algorithmsandto analyzea new practicalheuristicmethodcalledGRASPfor solving
bothfeedbackvertex andfeedbaclarcsetproblems.
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2. NOTATION AND GRAPH REPRESENTATION

Throughouthis paperwe usethefollowing notationanddefinitions.

A graphG = (V,E) consistsof a finite setof verticesV(G), anda setof arcsg(G) C
V(G) xV(G).

An arc (or edge)e = (v1,Vv2) of a directedgraph(digraph)G = (V,E) is anincoming
arcto vp andanoutgoingarcfrom vi andit is incidentto bothv; andv,. If Gis undirected,
theneis saidto be only incidentto v; andvs,.

For eachvertexi € V(G), letin(i) andout(i) denotethe setof incomingandoutgoing
edgesf i, respectiely. They aredefinedonly in caseof adigraphG. If G is undirected,
wewill takeinto accounbnly thedegreeAg(i) of i asthenumberof edgeghatareincident
toiin G.

A(G) denoteghe maximumdegreeamongall verticesof a graphG andit is calledthe
graphdegree.

A vertexv € G is calledanendpointf it hasdegreeone,alinkpointif it hasdegreetwo,
while avertex having degreehigherthantwo is calleda branchpoint.

A pathP in G connectingvertex u to vertex v is a sequencef arcsey,--- ,& in E(G),
suchthate = (vi,viy1), i =1,---,r with vy =uandv,;1 =Vv. A cycleC in G is apath
C= (v, -, V), with vy = .

A subgraplG = (V',E’) of G= (V,E) inducedbyV' isagraphsuchthatE’ = EN(V' x
V'). A graphG is saidto bea singleton,if |V(G)| = 1. Any graphG canbe partitioned
into isolatedconnectedcomponent$, Gy, - - - , Gk andthe partitionis unique. Similarly,
everyfeedbackrertex setV’ of G canbe partitionedinto feedbackvertex setsF1, P, - - - | K
suchthatF; is afeedbackvertex setof G;. Therefore following the additive propertyand
denotingby W(G,w) the weight of a minimum feedbackvertex (arc) setfor (G,w), we
have:

k
H(G,w) = _;u(Gi,W)-

3. THE FEEDBACK VERTEX SET PROBLEM

Formally, the feedbackvertex setproblemcanbe describedasfollows. Let G = (V,E)
beagraphandletw:V(G) — R" be aweightfunction definedon the verticesof G. A
feedbak vertex setof G is asubsebf verticesV’ C V(G) suchthateachcyclein G contains
atleastonevertex in V'. In otherwords,a feedbackvertex setV’ is a setof verticesof G
suchthatby removing V' fromG alongwith all theedgesncidentto V', resultsin aforest.
Theweightof afeedbackvertex setis thesumof theweightsof its vertices andaminimum
feedbak vertex setof a weightedgraph (G,w) is a feedbackvertex setof G of minimum
weight. The weight of a minimum feedbackvertex setwill be denotedby p(G,w). The
minimumweightedeedbak vertex setproblem(MWFVS) is to find a minimumfeedback
vertex setof agivenweightedgraph(G,w). Thespecialcaseof identicalweightsis called
theunweightedeedbak vertex setproblem(UFVS).

3.1. Mathematical model of the feedbackvertex setproblem. As acovering-typeprob-
lem, the feedbackvertex setproblemadmitsan integer zero-oneprogrammingformula-

tion. Givena feedbackvertex setV’ for a graph(G,w), G = (V,E), anda setof weights
W= {W(V) }vev(q), let x= {X/}vev(c) be abinary vectorsuchthatx, = 1if ve V', and
xy = 0 otherwise.Let C bethe setof cyclesin (G,w). The problemof finding the mini-
mum feedbackvertex setof G canbe formulatedasan integer programmingproblemas
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follows:

min ; w(V) Xy
veV(G)

@ s.t. Z xw>1 VI eC
veV(l)
0<xy <1lintegerveV(G).

If onedenoteshy C, the setof cyclespassinghroughvertex v € V(G), thenthe dual of
thecorrespondingdinearprogrammingelaxationis a padking problem

maxrzCYr
<

) s.t. Z}Nyr <w(v) YveV(G)
re
yr >0 VI eC.

3.2. Polynomially solvable cases.Giventhe NP-completenessf thefeedbackvertex set
problem, a recentline of researchhasfocusedon identifying the largestclassof spe-
cially structuredgraphson which suchproblemsremainpolynomially solvable. A pi-
oneeringwork is due to Shamir[78], who proposeda linear time algorithmto find a
feedbackvertex setfor a reducibleflow graph. Wang, Lloyd, and Soffa [89] developed
anO(|E(G)|- [V(G)|?) algorithmfor finding a feedbackvertex setin the classof graphs
known ascyclically reduciblegraphs whichis shaovn to beunrelatedo the classof quasi-
reduciblegraphs.Althoughthe exactalgorithmproposediy SmithandWalford [82] has
exponentialrunningtime in general,it returnsan optimal solutionin polynomial time
for certaintypesof graphs.A variantof the algorithm, calledthe Smith-Walford-oneal-
gorithm, selectsonly candidatesetsF of sizeoneandrunsin O(|E(G)|- |V(G)[?) time.
The classof graphsfor whichit finds a feedbackvertex setis called Smith-Walford one-
reducible.In the studyof feedbackvertex setproblemsa setof operationsalledcontrac-
tion opemtionshashadsignificantimpact. They contracthegraphG(V, E), while preserv-
ing all theimportantpropertieselevantto the minimumfeedbackertex set.Seelevy and
Lowe [56] for a detailedanalysisof thesereductionproceduresvhich are importantfor
thefollowing two reasons.First, a classof graphsof increasingsizeis computedwhere
thefeedbaclvertex setof eachgraphcanbefoundexactly. Secondmostproposecheuris-
tics andapproximationalgorithmsusethe reductionschemesn orderto reducethe size
of the problem.Anotherline of researcton polynomially solvablecasedocuseson other
speciaklassesincludingchordal andinterval graphs permutationgraphs convex bipar-
tite graphs cocompaability graphsandon meshesandtoroidal meshesbutterflies and
toroidal butterflies The feedbackvertex seton chordalandinterval graphscanbe viewed
asa specialinstanceof the generalizectlique cover problem,whichis solvedin polyno-
mial time on chordalgraphs[21, 91] andinterval graphs[64]. For permutationgraphs,
analgorithmdueto BrandsédtandKratsch[7] wasimprovedby Brandsadt[8] to runin
O(|V(G)|®) time. More recently Liang [58] presente@nO(|V (G)| - |E(G)|) algorithmfor
permutatiorgraphghatcanbeeasilyextendedo trapezoidyraphswhile keepingthesame
time compleity. Oninterval graphsLu andTang[17] developeda lineartime algorithm
to solve theminimumweightedfeedbackvertex setproblemusingdynamicprogramming.
Cooig andRangar{20] presenanO(|V (G)|*) time andO(|V (G)|*) spacesxactalgorithm
for cocomparabilitygraphswhich area superclassf permutatiorgraphs.More recently
LiangandChang[13] developeda polynomialtime algorithm,thatby exploring the struc-
tural propertiesof a cocomparabilitygraphusesdynamicprogrammingo geta minimum
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feedbackvertex setin O(|V(G)?| |[E(G)|) time. A recentline of researcti62] on polyno-
mially solvablecasesocuseon specialundirectedyraphshaving boundediegreeandthat
arewidely usedasconnectiometworks, namelymesh,butterfly andk-dimensionakube
connecteaycle(CCCy).

3.3. Approximation algorithms on undirectedgraphs. A 2log, |V (G)|-approximation
algorithmfor the unweightedninimumfeedbackvertex setproblemon undirectedgraphs
is containedn alemmadueto ErddsandPosg26]. Thisresultwasimprovedby Monien
and Schulz[65] to obtaina performanceatio of O(,/log|V(G)|). BarYeruda,Geiger
Naor, andRoth [2] gave an approximationalgorithmfor the unweightedundirectedcase
having ratio lessthanor equalto 4 andtwo approximationalgorithmsfor the weighted
undirectedcasehaving ratios4log, |V (G)| and 2A%(G), respectiely. To speedughe al-
gorithm, BarYerudaet al. shov how to preprocesshe input valid graphby applying
the correspondingindirectedversionsof the Levy-Lowe reductiontransformations.For
the feedbackvertex setproblemin generalundirectedgraphs,two slightly different 2-
approximatioralgorithmsaredescribedn Becker andGeiger[3] andby Bafna,Berman,
andFujito [1]. Thesealgorithmsimprove the approximatioralgorithmsof Bar-Yerudaet
al. [2]. They alsocanfind a loop cutsetwhich, underspecificconditions,is guaranteed
in the worst caseto containlessthanfour timesthe numberof variablescontainedin a
minimum loop cutset. SubsequentlyBecker and Geiger[4] appliedthe samereduction
procedurefrom the loop cutsetproblemto the minimum weightedfeedbackvertex set
problemof BarYerudaet al. [2], but their resultis independenof any conditionandis
guaranteedh the worstcaseto containlessthantwice the numberof variablescontained
in a minimum loop cutset. Becker and Geiger[4] proposetwo greedyapproximatioral-
gorithmsfor finding the minimumfeedbackvertex setV' in avertex-weightedundirected
graph(G,w), oneof themhaving performanceatio boundedy the constan? andcom-
plexity O(m+ nlogn), wherem= |E(G)| andn = |V(G)|. In [18], Chudak,Goemans,
Hochbaum,and Williamson shaved how the algorithmsdue to Becker and Geiger[3]
andBafna,BermanandFujito [1] canbeexplainedin termsof the primal-dualmethodfor
approximatioralgorithmsthatareusecdto obtainapproximatioralgorithmsfor network de-
signproblems.Theprimal-dualmethodstartswith anintegerprogrammingormulationof
theproblemunderconsiderationlt thensimultaneoushpuilds a feasibleintegral solution
andafeasiblesolutionto thedualof thelinearprogrammingelaxation.If it canbe shavn
thatthevalueof thesetwo solutionsis within afactorof a, thenana-approximatioralgo-
rithm is found. The integrality gapof anintegerprogramis the worst-caseatio between
the optimumvalueof theinteger programandthe optimumvalueof its linear relaxation.
Therefore by applyingthe primal-dualmethodit is possibleto proof that the integrality
gapof the integer programunderconsideratioris bounded.In fact, Chudaket al., after
giving a new integer programmingformulation of the feedbackvertex setproblem,pro-
vided a proof thatits integrality gapis at most2. They alsogave the proofsof somekey
inequalitiemeededo provethecorrectnessf theirnew integerprogrammingormulation.

Theorem1. LetV' denoteany feedbak vertex setof a graph G = (V,E), E£D0, lett
denotethe cardinality of the smallestfeedbak vertex setfor G, andlet E(S) denotethe
subsebf edgesthat havebothendpointsn SC V(G), b(S) = |E(S)| — |§ + 1. Then

3) S [B6(v) 1] > b(V(G))

veV’
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@) S Be(v) > b(V(G)) +T.

veVv'’

If everyvertex in G hasdeggreeat leasttwo, andV'y is any minimal feedba& vertex set
(i.e. W eV, V'm \ {v} is nota feedbak vertex set),then

(5) Z Ac(v) <2 (bV(G))+T1)—2
veV'm
Even, Naor, Schieberand Zosin [27] shaved that the integrality gap of that integer

programfor the standaraycle formulationof thefeedbackvertex setproblemis Q(logn).
Thenew integerprogrammingormulationgivenby Chudaketal. [18] is asfollows:

min ; w(V) Xy
veV(G)
(6) st. > (As(v) 1) x = b(§)
SCV(G) (9 £0
x €{0,1} veV(G).
Thelinearprogrammingelaxationis:

min % w(V) Xy
veV(G)

@ sty (8slv) = 1) % = b(S)

SCV( ) E(S) #
x>0 veV(G),
andits dualis:
max$ b(S) ys

® st. Y (Bs(v)-1)ys<wy VEV(G)
ys=0 SCV(G):E(§#0.

For the subsetfeedbackvertex problemEven, Naor, Schieberand Zosin [27] shoved
thatit canbe approximatedn polynomialtime by a factorof min{2 A(G), 8 log(|V'| +
1),0(logt*)}, wheret* denoteghe valueof the optimal fractionalsolution. In [27] the
authorsalsoproposed technique calledbootstapping thatenhanceshe O(log|V’|) to
afactorof O(logt*/B), wherep denotegshe minimumweightof avertex. The bootstrap-
ping techniqueiteratively usesa graphpartition algorithm. The outputof eachiteration
is by itself a subseffeedbackvertex setandis usedas part of the input of the next iter-
ation. After O(log|V’|) iterationsthe algorithmgivesasoutputa subsetfeedbackvertex
sethaving weightat mostO(t*logt*). Even, Naor andZosin [29] improved this result
proposinga 8-approximatioralgorithm. The maintool thatthey usedin developingtheir
approximatioralgorithmandits analysiss a new versionof multi-commodityflow, called
relaxedmulti-commaodityflow, a hybrid of multi-commaodityflow andmulti-terminalflow,
in whichthereareadditionalconstraintscalledinter-commodityconstaints For eacharc,
the authorsconsideredhe maximumflow amongall the commaoditieswhich is shipped
alongit. They requiredthat for eachvertex v € V(G) the sumof the maximumflows
shippedalongits incidentarcsbe boundedy four timesthe capacityof v. By considering
themulti-commaodityflow, theverticesfor which theinte-commaodityconstraintaretight
play animportantrole from the point of view of the connectvity of the graph. They are
calledinter-satuled vertices. The mainresultof Evenetal. is a theoremthatboundsthe
weightof theverticesthatmustbeintersaturedsoasto satisfya givendemandvectorby
thesumof demands.
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3.4. Approximation algorithms on dir ectedgraphs. In generalproblemsonundirected
graphsarerelatively easierto handlethanproblemson directedgraphs sincemoregraph
theorycanbe utilized. Not surprisingly the approximatiorresultsobtainedso far for the
undirectedversionare strongerthanthosefor the directedversion. In fact, noneof the
algorithmsreferredto in the previous subsectionsipply to the feedbackvertex setprob-
lem in directedgraphsand,in contrastwith the undirectedversion,no analyticalresults
areknown for the directedcase.A very recentdirectionof researcton approximatioral-
gorithmsin the directedversionfocuseson the completeequivalenceamongall feedback
set(and/orfeedbaclksubsetproblemsandamongtheseandthe directedminimum capac-
ity multicut problemin circular networks. An exhaustve descriptionof the procedures
thatreduceary feedbackset problemto ary otheror ary of themto the directedmini-
mum capacitymulticut problemandvice versaareformalizedand usedby Even, Naor,
Schieberand Sudan[28] to obtainan approximationalgorithmfor the subsetfeedback
arc setproblemof a weighteddirectedgraphG = (V, E), wherethe interestingcyclesto
be hit are containedin a setof specialverticesX C V(G), where|X| = k. The weight
of the feedbackarc setfound by their approximationalgorithmis O(t* log?|X|), where
T* is the weight of an optimal fractionalfeedbackset. Neverthelesstheir approachcan
be usedto solwe ary otherfeedbacksetproblemaswell asthe directedminimum capac-
ity multicut problem. Evenetal. [28] alsoproposedanalgorithmfor approximatinghe
minimum weightedsubsetvertex setproblemin the weightedanddirectedcase leading
to aresultthat holdsfor any otherfeedbacksetproblemaswell. Their approachis an
algorithmicadaptationof a theoreticalresultdueto Seymour [77], who proved that the
integrality gapin the caseof the unweightedeedbackvertex setproblemcanbe at most
O(logt*loglogt*), wheret* is definedasabore. Evenetal. obsere thatall existence
argumentscontainedn the proof of Seymour’s statementanbe madeconstructve and
thus,with someadditionaloperationsanalgorithmfor theunweightedeedbackvertex set
problemhaving an approximatiorfactorof O(logt*loglogt*) canbe obtained. Further
modificationsof thealgorithmleadto a polynomialtime approximatiorschemeapplicable
to theweightedproblem.In O(|E(G)| - [V (G)|?) timethealgorithmfindsa feedbackvertex
sethaving weightOo(min{t*logt* loglogt*, T*log |V (G)|loglog |V (G)}). All the obserationscon-
tainedin [28] improve the O(log? |V (G)|)-approximatioralgorithmfor this case[54]. In
the caseof directedplanargraphs Stamm[85] presenteénO(|V(G)|log |V (G)|)-approx-
imation algorithm,whoseperformanceguarantees boundedby the maximumdegreeof
the graphandan O(|V(G)|?) time approximationalgorithmwith performanceguarantee
no morethanthe numberof cyclic facesin the planarembeddingof the graphminus1.
Cai, Deng,andZang[10] obtaineda 2.5-approximatioralgorithmfor the minimumfeed-
backvertex setproblemon tournamentsimproving the previously known algorithmwith
performanceguarante®f 3 by Speclenmeer[84]. Let H bethetriangle-\ertex incidence
matrix of atournameni andlet e betheall-onevector In [10], necessarandsufficient
conditionsare establishedor the linear system{x | Hx > e, x > 0} to be a totally dual
integral system(TDI).

Definition 1. Arationallinear system{x | Hx > e, x > 0} is calledtotally dual integral,
if the optimizationproblemmax{yb | y"A < cT, y> 0} hasanintegral optimumsolution
y for everyintegral vectorc for which the maximunis finite.

It hasbeenshawn thatary rationalpolyhedronP hasa TDI SystemP = {x: Ax< b}
representatiomwith A integral, andthat,if P is full-dimension,thereis a unigueminimal
TDI SystemP = {x: Ax< b} with A andb integral if andonly if P is integral. In [11]
theauthorshave extendecdhis approacho thefeedbackvertex setproblemsandthe cycle
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packingproblemin bipartite tournamentswherea bipartitetournaments an orientation
of acompletebipartitegraph. For the aforementionegroblemsthey have found strongly
polynomialtime algorithms which area consequencef amin-maxrelaxationon packing
andcoveringdirectedcycles.

3.5. Exact algorithms. In contrastto the numerousapproximationschemeghat have
beenstudied,relatively few exact algorithmsfor the feedbackvertex set problemhave
beenproposed:To our knowledge thefirst algorithmto find anexactminimal cardinality
FVSis dueto SmithandWalford [82], who proposed particulargraphpartitiontechnique.
Althoughtheir algorithmsolvesthe problemin anarbitrarydirectedgraphin exponential
runningtime, it returnsanoptimalsolutionin polynomialtime for certaintypesof graphs.
Later, exactalgorithmsof enumeratie natureoften usedthe graphreductionprocedures
to speedup the process. One study by Cheng[16] essentiallyuseddirect enumeration
plusreductionandreportedsatishctorycomputationatesultsfor a setof partialscande-
sign test problems. Orenstein Kohavi, and PomeranZ66] proposeda somevhat more
involvedexactenumeratie procedurebasedon graphreductionandefficient graphparti-
tioning methods.Their algorithmhasbeendesignedor identifying a minimumfeedback
vertex setin a digital circuit andit is efficientin randomgraphs,eventhoughin cliques
or graphsthatare’almost’ cliquesit hasan exponentialbehaior, sincethe reductionand
partitiontechniquesannotbeapplied.

Somavhatsurprising exactalgorithmsfor feedbackvertex setbasecn mathematicapro-
grammingformulationarequite few. Recently Funke andReinelt[32] considered spe-
cial variantof feedbackproblemsnamelythe problemof finding a maximumweightnode
inducedacyclic subdigraph.They discussedralid andfacetdefininginequalitiesfor the
associategholytopeanddevelopeda polyhedral-basedxactalgorithmpresentinggompu-
tationalresultsobtainedby applyinga branch-and-culgorithm.

4. THE FEEDBACK ARC SET PROBLEM

GivenagraphG = (V, E) andanonnaativeweightfunctionw: E(G) — R" definedon
thearcsof G, the feedbackarc setproblemconsistsof finding a minimum-weightsubset
of arcsE’ C E(G) thatmeetsevery cycle in a givencollectionC of cyclesin (G,w). As
in the vertex case this leadsto the minimumfeedbak arc setproblem(MWFAS) in both
directedandundirectedyraphstheminimumweightedgraphbipartizationproblemvia arc
removals,andsoon.

4.1. Mathematical model of the feedback arc set problem. Given an arc weighted
graph(G,w), G = (V,E) andthe setC of all cyclesin G, the minimum weightedfeed-
backarcsetproblemcanbeformulatedasthefollowing integerprogrammingproblem:

min ; w(e) Xe
ecE(G)

9 s.t. erzl vrec
ec
xe€ {0,1} VeeE(G).

In its relaxation,the constraintsxe € {0,1}, V e € E(G) arereplacedby xe > 0,V e
E(G), obtaininga fractionalfeedbackarc set. As with the feedbackvertex setproblem,
the feedbaclkarc setproblemis a covering problemandits (linearprogramming)ualis
calleda packingproblem.In the caseof thefeedbaclarcsetproblemthis meansassigning
adualvariableto all interestingcyclesto be hit in the givengraph,suchthatfor eacharc
thesumof thevariablescorrespondingdo theinterestingcyclespassinghroughthatarcis
atmosttheweightof thearcitself.
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4.2. Stateof the art of feedbackarc setproblems. Feedbaclarc setproblemstendto
be easiethantheir vertex counterpartsespeciallyfor planargraphs.in the directedcase
feedbackvertex andfeedbackarc setproblemsare eachreducibleto oneanother Even,
Naor, Schieberand Sudan[28] shaved how to performreductionsamongfeedbackset
problemsandfeedbacksubseiproblemsandvice versa,preservingeasiblesolutionsand
their costs. In all reductionsthereis a one-to-onecorrespondencbetweenfeasibleso-
lutionsandtheir correspondingosts. Therefore anapproximatesolutionto oneproblem
canbetranslatedo anapproximatesolutionof theotherproblemreducibleto thisproblem.
Becausemostof thereductionproceduresanbe performedn lineartime, theseproblems
canbeviewedasdifferentrepresentationsf the sameproblem.Hence asfeedbackrertex
setsarereducednto feedbackarc setswith the sameweightandvice versa,all of these
problemsareequallyhardto approximateln theliteratureof feedbacksetproblemsmost
of the proposedalgorithmsaredesignedo solve the problemin vertex-weightedgraphs.
Oneof the pioneeringpaperonfeedbaclkarcsetproblemss dueto to Ramachandrajr5],
whereit is provedthatfinding a minimumfeedbackarc setin an arc-weightededucible
flow graphis asdifficult asfindinga minimumcutin aflow network. The proposedlgo-
rithm hascompleity O(m nzlog(”—;)), wherem= |E(G)| andn = |V (G)|. Thealgorithm
wasadaptedo solve the problemin the vertex-weightedcase.Shamirs lineartime algo-
rithm [78], usedfor the unit-weightedcase,cannotbe appliedto solve the arc-weighted
problem becausery reductionbetweerarcandvertex setproblemsdoesnot preserethe
reducibility property GivenadirectedgraphG = (V, E), adijoin E' C E(G) isasetof arcs
suchthatthegraphG' = (V,B), B=EU{(v,u) | (u,v) € E'} is stronglyconnectedGiven
nonneative weightswe, e € E(G), the minimum-weightdijoin problemis to find the di-
join with minimumweight. The feedbackarc setproblemin planardigraphsis reducible
to the problemof finding a minimum-weightdijoin in the dual graph,which is solvable
in polynomialtime [38]. Stamm[85] proposeda simple 2-approximatioralgorithmfor
the minimum weight dijoin problemby superposingwo arborescencedt is interesting
to obsere that,whentranslatedo the dualgraph,all theseproblemdeadto problemsof
hitting certaincutsetsof the dualgraph,problemswhich canbe approximatedvithin ara-
tio of 2 by theprimal-dualmethod.GoemanandWilliamson[37] proposed primal-dual
algorithmthatfinds a %—approximatesolutionto feedbacksetproblemsin planargraphs.
Thefirst approximatioralgorithmfor thefeedbackarc setproblemwasgivenby Leighton
andRao[54]. Theirapproximatiorfactoris O(Iog2 n) in theunweightedcasewheren is
the numberof verticesof the input graph. This boundwas obtainedby usinga O(logn)
approximationalgorithmfor a directedseparatothat splits the graphinto two approxi-
matelyequally-sizeccomponentsS andS. This separatocanbefoundby approximating
specialcuts called quotientcuts This resultwasimproved by Seymour[77], who gave
a O(lognloglogn)-approximatioralgorithmthat solvesthe linear relaxationof the feed-
backarc setmathematicaimodelandtheninterpretsthe optimal fractionalsolutionx* as
a lengthfunction definedon the arcs. Systematicallyin a recursve fashion,it usesthis
lengthfunctionto deletefrom the graphG all arcsbetweenS andS. Notethatthelinear
programcanbe solvedin polynomialtime by usingthe ellipsoid or aninterior point algo-
rithm. Hencethe quality of the boundin this approachdependsn the way the graphis
partitioned.Seymourin [77] provedthefollowing lemma:

Lemmal. For a given strongly connecteddigraph G = (V,E), supposeher exists a
feasiblesolutionx to the feedbak arc setproblem. If @ is the value of the optimal frac-
tional solutionx*, thenthere exists a partition (S,S) sud that, for someg, 0 < € < 1,
the following conditionshold: If 57(S) = {(u,v) | (u,v) € E(G), ue S ve S} and
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5 (S ={(wu)| (vu) €E(G), ue S, ve S}, thenthefollowingis true:

(10) ; w(e) x(e) < €o.
ecE(S)
(11) T w(e)x(e) < (1-e)g
ecE(S)
andeither
(12) S w(e) < 20egiog()logloge
<& (9 €
or
(13) Z w(e) < ZOecpIog(}) loglog .
e (9) €

Furthermog, the partition (S, S_) canbefoundin polynomialtime

The previous lemmaadmitsa constructve proof as hasbeenshovn by Even, Naor,
Schiebenand Sudan[28]. The algorithmproposedby Even et al. finds a feedbackarc
sethaving weight O(t*log? |X|), whereX is a specialsetof verticesdefiningthe cycles
to be hit andt* is the weight of an optimal fractionalfeedbackset. They hadthe idea
of reducingthe problemto the directedminimum capacitymulticut problemin circular
networks and of adaptingthe undirectedsphee growing techniquedescribedn [35] to
directedcircularnetworks. They decomposethegraphin thefollowing way. A fractional
andoptimalsolutionto thedirectedfeedbacksetprobleminducesa distancemetricon the
setof arcs(onthe setof vertices)E(G). Theirapproximatioralgorithmarbitrarily picksa
vertex v € X andsolvestheshortespathtreeproblemrootedatv with respecto themetric
inducedby thefractionalsolution. The procedureghatfindsthe shortespathtreedefines
layerswith respecto thesourcev. Eachlayeris adirectedcutthatpartitionsthegraphinto
two parts. The next stepof the approximatioralgorithmis to choosea directedcut andto
addthe cut to thefeedbacksetconstructegofar. The algorithmcontinuesrecursvely in
eachpartandendswhenthe graphdoesnot containary interestingcycles. Thekey of the
algorithmis the choiceof the criterionto selectthe directedcut that partitionsthe graph.
Evenetal. decidedto relatethe weight of the cut to the costof the fractional solution.
More recently Even,Naor, SchieberandZosin[27] shavedthat,for any weightfunction
definedonthearcs thesubseteedbaclarcsetproblemcanbeapproximatedn polynomial
time by afactorof two. Theapproximatioralgorithmconsistof successie computations
of minimum cuts. Its approximatiorfactoris estimatedby consideringthe capacitiesof
minimumcutsasflow paths.Whennew minimumcutsarecomputedpreviousflow paths
areupdatedhccordingo thedecompositiorof the graphinducedby anoptimalsolution.

5. A GRASP FOR FEEDBACK SET PROBLEMS

Although the approximationalgorithmsguaranteea solution of a certainquality, for
mary practicalrealworld casesheuristicmethodsanleadto bettersolutionsin areason-
ableamountof CPUtime. Metaheuristicssuchasgeneticalgorithms,simulatedanneal-
ing, greedyrandomizeddaptve searchprocedure$GRASP) Lagrangeamelaxation,and
othershave beendevelopedwith successfutomputationaperformanceon a wide range
of combinatorialbptimizationproblems.Interestingly however, feedbackvertex setprob-
lemsseento beanexception.For thisfamily of problemgelatively few practicalheuristics
have beendeveloped. Furthermoremostof the heuristicsthat seemto be quite success-
ful computationallyare greedytype heuristicsor generalizedyreedytype heuristics(e.g.
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GRASP) Almostall theefficientheuristicslevelopedsofaremploy thesolution-presersd
reductionrulesstudiedby Levy andLowe [56]. It hasbeenobsenedin practicethatthis
groupof heuristicgreatlyreduceghecardinalityof the graphnot only atthebeginningof
thealgorithm,but alsodynamicallyduring the executionof nodedeletiontype heuristics.
A recentline of researcton heuristicapproachess dueto Pardalos,Qian, and Resende
[69] wherethreevariantsof the so calledGreedyRandomizeddaptiveSeach Procedue
(GRASP)metaheuristi@areproposedor finding approximatesolutionsof largeinstances
of the feedbackvertex setproblemin a digraph. GRASPis a multistartmethodcharac-
terizedby two phases:a constructionphaseand a local searchphase,alsoknown asa
local improvementphase.During the constructiorphasea feasiblesolutionis iteratively
constructed.One elementat time is randomlychosenfrom a RestrictedCandidatelist
(RCL), whoseelementsaresortedaccordingto somegreedycriterion,andis addedto the
building feedbackvertex setandremovedfrom the graphwith all its incidentarcs. Since
the computedsolution,in generalmay not belocally optimalwith respecto the adopted
neighborhoodlefinition, the local searchphasetriesto improve it. Thesetwo phasesare
iteratedandthe bestsolutionfoundis keptasanapproximatiorof the optimalsolution.To
improvetheefficiency of themethod Pardaloset al. incorporatedn eachiterationof their
algorithmsolution-preservingraphreductiontechniquesn their directedversionandthat
canbeusedalsoto checkif a digraphis agyclic, returninganemptyreducedyraphin case
of positve answer The authorsemployed the following threegreedyfunctionsusedto
selectthe nodewith themaximumG(i) values:

1. Ga(i) = in(i) +out(i);

2. Gg(i) =in(i) xout(i);

3. Gc(i) =max{in(i),out(i)}.
GreedyfunctionGp assignequalweightto in- andout-degrees Gg favorsthebalancebe-
tweenin- andout-daegrees.G¢ only considerghelargestvalueof the degrees.As demon-
stratedin Pardaloset al., Gg producedhe bestcomputationatesults. GRASPwastested
ontwo randomlygenerategbroblemsets finding the optimalsolutionsto all theproblems
in thefirst set,wherethe optimalvaluesareknown (computedy Funke andReinelt[32]).
Furthermorethis GRASPdominatesthe pure greedyheuristicsin all the testinstances
with comparablgunningtime. In FestaPardalosandResendg31], Fortransubroutines
aregivenfor finding approximatesolutionsof boththe directedfeedbackvertex setprob-
lem andthe directedfeedbackarc setproblemusing GRASP The subroutinedor solving
approximatelythe feedbackvertex setproblemcorrespondso the pseudo-codalgorithm
proposedby Pardalos,Qian, andResendén [69]. The subroutinedor solving approxi-
matelythefeedbaclarcsetproblemusesalineartime procedurgroposedy Even,Naor,
SchieberandSudanin [28] in orderto reducethegivenfeedbaclarcsetprobleminstance
to anequialentfeedbackvertex setprobleminstanceandthenthereducedrertex version
problemis solved.

6. FUTURE RESEARCH

As GrotschelandLovasz[39] pointedout, fastconstructiorheuristicscombinedwith
localimprovementtechniquesailoredfor specialapplicationshave beenthe “workhorse”
of combinatorialoptimizationin practice. As the designof efficient constructiorheuris-
tics and local searchprocedureswill be a key to the effective computationaprocedure
for feedbacksetproblems new approacheareconsideredhatwill leadto higherquality
solution. New variantsof the classicalGRASPapproachare consideredcalled Reac-
tive GRASPtechniques.The first ideaalongthis line hasbeendueto Praisand Ribeiro
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[73], who usedReactve GRASPto a matrix decompositiorproblemarisingin the con-
text of traffic schedulingn satellite-dvision-multiple-accessystemgSS/TDMA). In the
Reactve GRASR the restrictedcandidatdist parameten is not fixed, but self-adjusted
accordingto the quality of the solution previously found during the search.In morede-
tail, theparametea is randomlychoserfrom asetof mpredeterminatedcceptablealues
A={ay,---,am}. Associatedvith thechoiceof a; thereis aprobability p;, initially corre-
spondingo a uniformdistribution. During the searchphasesomeinformationis collected
in orderto changethe discretesetof probabilities{ p; }i—1.... m. Severalpossiblestratgies
canbe exploredfor this updateoperation. Oneamongthemhasbeenproposeddy Prais
andRibeiro. It is an absolutegualificationrule, basenthe averagevalueof the solutions
obtainedwith eachvalueof a = a;j. Oncechosertheupdatingcriterionof theprobabilities
{pi}ti=1. m, it is possibleto usedifferentvaluesof a at differentiterations. Therefore,
differentrestrictedcandidatdists can be built and eventually differentsolutionscan be
constructedwhich would never be built by usinga single,fixedvalueof a.
FeoandResendéave alreadydiscussedn [30] the effectsthe parameten canhave on
thequality of thesolutionand,atleastanalyzingtheresultsobtainedby PraisandRibeiro,
it seemghata canhave anevidentimpacton theoutcomeof a GRASPprocedure.

7. CONCLUSIONS

Despitethe large body of work on approximatioralgorithms,computationastudiesof
feedbaclsetproblemsseento bestill in theirembryonicstage No modernmetaheuristics,
excepttheGRASPprocedurgecentlydevelopedby PardalosQian,andResend¢69] have
everbeenappliedto thefeedbackvertex setproblem.Thesizeof thegeneraproblemthat
can be handledis still quite limited. It seemsthat this areaof computationakesearch
hasthe greatespotentialfor progressandimpactin the comingyears. It hasto be also
underlinedthat, sincedetectingcyclesis arelatively expensve operationthe local search
of feedbackvertex setappearso beevenmoredifficult thanothernotoriouscombinatorial
problemslik e the traveling salespersowr setcovering problems. Therefore the design
of efficient local searchproceduresand fastconstructionheuristicswill be a key to the
effective computationaprocedurdor feedbaclksetproblems.
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